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ONE-PARAMETER FAMILIES AND NETS OF PLANE CURVES* 

BY 

E. J. WILCZYNSKI 

Introduction. 

In most treatments of the theory of one-parameter families of plane curves 
attention is concentrated altogether upon the discussion of the envelope. More 
recently, some authors, especially LiLiENTHALf and Scheffees,^ have con- 
sidered some other problems associated with such families of curves, but all of 
these are of a metric nature. In the present paper, the point of view is that of 
projective differential geometry and the analytic treatment is based upon the 
invariant theory of a certain completely integrable system of partial differential 
equations of the second order. Incidentally a simple new geometrical interpre- 
tation is found for the well-known Laplacian transformation of a linear partial 
differential equation of the second order, which enables one to make use of the 
results of that theory for the purpose of studying nets of plane curves. The 
osculating conies of the curves of the net are also determined and their proper- 
ties investigated for the first time. 

§ 1. The differential equations of the problem. Integr ability conditions. 

Let the homogeneous coordinates y^ of a point P of the plane be given as 
analytic functions of two independent variables ; 

(1) yM = fW(u,v) (* = 1,2,3). 

Clearly the equations u = const, and v = const, will, in general, give rise to 
two one-parameter families of plane curves, such that, if we consider merely the 
portions of these curves in a certain domain, one and only one curve of each 
family will pass through every point of the domain. We shall speak of these 
two families together as a net, so that equations (1) define a net. This net will 
degenerate if and only if the ratios 3/ 1 ) : j/ (2) : j/ 3) can be expressed as functions of 
a single independent variable, i. e., if and only if there exist three non-vanishing 

* Presented to the Society (Chicago) December 29, 1910. 

fLlLIENTHAL, Qrundlage einer Kriimmungslehre der Kurvenscharen, Leipzig, 1896 ; Vbrlesungen 
uber Differentialgeometrie, Leipzig, 1908. 

IScheffees, Kgl. Sachsiscke Gesellschaft der Wissenschaften, Berichte, vol. 57 (1905) ; 
Mathematische Annalen, vol. 60 (1905). 
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functions a, jS, <y of u and v such that 

(2) oj£> + fitf? + tf* = 



(fc = l,2, 3). 



Consequently, the net defined by equations (1) is degenerate if and only if 
the determinant 



(3) 



D = 



2/:', 


^ 


2/f 


s£\ 


2/„ 2) , 


2/l 3) 


2/ fl) , 


2/ (2 \ 


yP) 



vanishes identically. 

In particular, in order that the net may not degenerate, y {1) , y l2) , y (S) must be 
linearly independent. 

Let us assume that equations (1) define a non-degenerate net. Then D does 
not vanish, and we can always find a system of partial differential equations of 
the form 

( 4 ) y u . = dy u + Vy. + °'y- l 

y„ = a "yu + b "y. + c "y> 

satisfied by the three functions y {1) , y^\ if® . 

It is easy to show that, conversely, a system of form (4) with analytic coeffi- 
cients has just three linearly independent analytic solutions y (1) , if 2 \ y (3) , for which 
the determinant D does not vanish identically, provided that the integrability 

conditions 

dy dy dy By 

dv du ' du du 

are satisfied identically, i. e., without the addition of one or more equations of 
the form (2) to system (4). The identical validity of these integrability condi- 
tions implies the following six equations : 

ba" + a v = a'V + c + a' u , 

ab' + bb" + c + b v =a'b + b' % + b' u , 

ac' + be" + c v = a'c + b'c + c' u , 

a' + b'a" -f- a' v = aa -f a b" + c" + a'J, 

a' b' 4- c + b' = a" b 4-b" , 

a'c -f 5'c" + c' v = a" c -f b" c + c' u . 

Now every non-degenerate net of plane curves determines a unique system of 
form (4), for which the conditions (5) must of course be satisfied. On the other 
hand every system of form (4), for which the integrability conditions (5) are 



(5) 
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satisfied, has three linearly independent solutions y m , ?/ (2) , 2/ 3) , for which the 
determinant D does not vanish identically, and the most general solutions of 
such a system will be 

y<*> = c 1A yV + c^ + c^i (A- 1, 2, 3), |cj =f= 0. 

Consequently, if we interpret y (1) , 2/ (2) , 2/ (3) as the homogeneous coordinates of a 
point in a plane, any fundamental system of solutions of (4) defines a non-degen- 
erate net of plane curves, and the net defined by the most general fundamental 
system of solutions of (4) will be a projective transformation of this. 

We see, therefore, that all projective differential properties of a net must be 
expressible in terms of the coefficients and variables of the system of partial 
differential equations (4). 

It is possible to simplify the integrability conditions (5) somewhat. From 
the first and fifth of these we easily deduce 

a . + K = «', + &'»'> 
so that we may write 

(6) a +&'=/„, d + b"=--f, 
as a consequence of which (5) may be written as follows : 

f — b' — a = c + db' — a"b, 

K -K=~ Vf* -if.-c + 26' 2 + 2db, 

(7) c v — c' u = — cf u + 2b' c + a'c — be", 

a — a" = a"f + a'f + c" — 2d — 2a" b', 
c — c" = c'f — 2d c + a"c — b'c" . 

§ 2. The seminvariants and the canonical form of the system. 

The analytic representation of a net by a system of equations such as (1) is 
not unique. The coefficients of system (4) therefore do not depend merely upon 
the geometric properties of the net, but also upon the particular form of analytic 
representation adopted. In the first place, since ?/ (1) , y (2) , ?/ 3) are homogeneous 
coordinates, only those functions can have a geometrical significance which 
depend only upon the ratios of these quantities. Now, a transformation of the 
form 

yW=\(u,v)y (k) (fc = l,2, 3) 

leaves these ratios unaltered whatever value the arbitrary function \(w, v) 
may have. Consequently it will be necessary to find those combinations of the 
coefficients of (4) and of their derivatives, which are left unchanged by any 
transformation of the form 

(8) y = \(u,v)y. 
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We shall call them seminvariants. The corresponding invariant functions which 
depend also upon y, y u , y v , shall be called semicovariants. 

We proceed to carry out the transformation (8). We find immediately 

y =\y + 2X y + X w, 

« = Xw + X y + X v + X y , 

«7«W i/ UB ' Vi/U ' U<?0 ' Bill" 

^WW ~~" "ui> ' l>"t> ' wis * 

If these values be substituted in system (4), and the new coefficients be 
denoted by a, 6, etc., we shall find : 

— C\ T 7 XXX 

a = a — 2 -— , 6 = 6, c = c + a — - + 6 — — ~- , 

X XXX 

,-.«* , , X — ■> , , A. , . .A, , , A, X 

(10) a=a- t , V = V-t> «= C +«X +6 X-T' 

a=a", 6" = 6" -2-% c"= c" + a" ^ + 6'V - -f\ 

X XXX 

According to (6) we have 

a + 6'=/.. «'+&"=/„• 
If we write similarly 

« + &' = /!> o + &" = /!> 

we shall find 

\ - x » 

TFe wiay, therefore, transform (4) iraio another system of the same form for 
which 

(11) 5+6' = 0, 5' + 6" = 0, 

if we choose X(w, w) m tAe transformation (8) subject to the conditions 

(12) x = */.' X =i/ "' X = C ° nst - ^ 

Let us actually make this particular transformation, and let us denote the coef- 
ficients of the resulting system by capital letters. We shall have 

A = a-y u , B=b, C=c+\af u+ lbf-±f u -\fl, 

(13) A'-a'-lf t , B'=b'-^f u , C"=c'+i«X + ^/-i/ tt -i/„/„, 
A"=a", B"=b"-§f, C"=c"+^a"f n +ib"f-lf v -tfl, 

A+B'=0, A'+B"=0. 
An integrable system of form (4) can always be transformed into another 
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one whose uniquely determined coefficients are given by equations (13), and 
satisfy the characteristic relations 

A + B = 0, A' + B" = 0. 

The most general transformation which effects this reduction is 

y = const. ye* f . 

We shall say that, as a result of this transformation, the system has been reduced 
to its canonical form. 

The coefficients A, B, C, • • • of a system in its canonical form are semin- 
variants of system (4). This follows at once from the uniqueness of the canoni- 
cal form, and may also be verified for each of the quantities A , B , C, • ■ ■ by 
direct calculation. Now let _/"( a , b, • • • ; a u , b u , • • • ) be any semin variant 
depending not merely upon the coefficients of (4) but also upon their derivatives 
to any order. Since a semin variant does not change its value if a, b, c , 
in its expression be replaced by a, 5, c, • • • , the coefficients of any system 
obtained from (4) by a transformation of the form y = Xy , we shall have in 
particular 

f{a, b,c, ..-; a u ,b u , ••■)=f(A,B, C, •••; A u , B u , •••); 

i. e., it is a function of A, B, C, • • • and of their derivatives. Conversely, it 
is evident that any function of A, B, C, ••• and of their derivatives is a 
semin variant. 

Consequently, every seminvariant of system (4) is a function of the seven 
fundamental ones, B, C, A', B', C", A", C" , and of the various derivatives 
of these quantities. And every function of these variables is a seminvariant. 

Since, by means of the equations (4), any function of y, y u , y , and the 
higher derivatives of y may be reduced to one of y, y and y v alone, we may 
confine our search for semi-covariants to those depending upon these three vari- 
ables only. Of course y itself is a relative semi-covariant. It is easy to verify 
that 

p = Vu- h 'y-> tT = y v -a'y 

are also semi-covariants. Any relative semi-covariant may be expressed as a 
homogeneous function of these three and of seminvariants.* 

* It is easy to show that an absolute semi-covariant mast be a homogeneous function of degree 
zero of y, y u and y v . Any such function C may be written as a function of the two ratios ply, 
a/y and of the coefficients of (4) ; 

C=/g. -J,., •......). 

But, as in the argument for seminvariants, this reduces to 
whence follows easily the theorem as stated. 
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The integrability conditions of system (4) must, of course, be left invariant 
by the transformation y = \y; i. e., they must be capable of expression in 
terms of seminvariants. We obtain them by writing the conditions that the 
system in its canonical form must be integrable. This gives the integrability 
conditions o/"(4) in the form: 

b: + a: + c + a'b'-a"b = o, 

B v -B' u =-C+2B' 2 +2A'B, 

(14) C, - C' u = 2B'C' + A'C-BC", 

A' V -A'; = C"-2A'*-2A"B', 

C' e - G'i ■ 2A'C + A"C- B'C" . 

§ 3. The invariants. 

We have not yet found an adequate analytic equivalent for the geometric 
properties of the net. To be sure, the seminvariants depend merely upon the 
ratios of y (1 \ y ( % y^ s \ and not upon their absolute values; but they also depend 
upon the parametric representation which has been adopted for the net. Clearly 
the net remains unchanged by any transformation of the form 

(15) u = U(n), v= V(v), 

where U and V are arbitrary functions of the single variables indicated, while 
any more general transformation of these variables would change the net. We 
must therefore find those combinations of the seminvariants and semi-covariants 
which remain unaltered as a result of a transformation of form (15). We shall 
call them invariants and covariants respectively. These functions are intrin- 
sically connected with the projective differential properties of the net. Strictly 
speaking we ought to adjoin the further transformation 

U = V , V = u , 

which merely interchanges the two one-parameter families of the net, but we 
shall prefer to think of these two families separately, so that formally we are 
constructing a theory of the two component one-parameter families rather than a 
theory of the net itself. From our invariants it is very easy to construct those 
invariants which may in all strictness be called invariants of the net. They are, 
of com^se, symmetric combinations of the invariants considered here. 
Let us transform system (4) by equations (15). We find 

e) l == 8 lu> d l = d JLy 

du du ' dv dv ^ 
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(16) 



^-^Irr 2 ,^! TV 
8u 2 - du 2 U + du ' 



d 2 y d 2 v 



dudv dudv 

d ll. _ ^H. V' 2 j. ^ T7» 

dv 2 ~ dv 2 + e» ' 

where the accents indicate differentiation in the customary way. If we substi- 
tute these values into system (4) and denote the coefficients of the new system 
by a, T), etc., we shall find: 





a = -jj,{a - 


-v), 




V 




C 


(17) 


, a 






b = w „ 




_, c 


C - Jj, y, 




„ U'a" 

a = it 

yt 






&'' = -L(&"_ 


■0, 


_„ c" 

c = 7 s ' 


where 














(18) 






V 


-£. c- 


V" 

■y,, 





so that t? is a function of u , and £ of v only. We find further 



(19) 



Juu—/{J>y2\Juu VJ U + V — V u )l 

f ~—f 
J uv TT' "I/ r uv ' 

= ( V ) 2 ' " " ° ' ' 

where the notations f' u ,f uu , etc., are abbreviations for df/du, d 2 fjdu 2 , etc. 

If now we make use of the expressions (13) of the fundamental seminvariants, 
and denote by A, B, etc., the corresponding seminvariants of the transformed 
system of differential equations, we shall find 

S = (UJ B > C=-^j(C-iA v -$BS-i iV 2 + i % ), 
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A' = ~(A' + ^), B = ~(B' + i v ); 

(20) 

C'= WT {C'-iA' v -iB'S-W), 

A" = ~jA" , 0" = ^j{C" - \A" v - \B' C- I? 2 + K.). 

We see that £&e seminvariants B and A" are at the same time (relative) 
invariants, and it is easy to verify the invariance of all of the following 
quantities : 

33 = 5, &=C-B' u -2B' 2 + A'B, 

(21) 31' = ^' + !^, 1&' = B' + \-^-, d'=C' + A'B, 

a" = A" , ©" = C" -A' v - 2 A' 2 + A"B'. 

In fact we have 

V - 1 

8 = ^,8, 6 = __(§;, 

(22) i' = -^ar, »' = -^>s\ e' --=*=,, e\ 

Whenever a relative invariant # (m ' B) satisfies the equation 

(23) fi m - ») = (U") m ( vyo*-™- n) 

we shall say that its weights with respect to u and v are m and w respectively. 
These weights may be characterized by the symbol ( m , n ) . Thus 23 is of 
weight (—2, 1), etc. We proceed to show how we may deduce from # (m ' n) by 
differentiation two new invariants, which we shall denote by (^ ro '" ) , B') and 

We find from (23) 

#>», ») = ( f/-' )"•-!( F' )" ( #f > n) + mr)fr m ' »> ) , 
<*».»> = ( C' ) m ( F' )"- 1 ( &™' n) + n£& m ' n) ) , 

where, of course, 0f' n) and 0f' M) denote dfi m < n) /du and dd^-v/dv respectively. 
Since we have from (20) 

I' = ±-(A' + tf), 5'=~(5' + ^), 
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we shall find that the expressions 

(25) (#».»>, E) = &-™'^-%mB'fr m > n \ (ff- m > n \ A) = &?<«> — 3nA'fr m ' n) 

are two new invariants of weights {m — 1 , n ) and ( m , n — 1 ) respectively. 
It is also very easy to verify that if 6 is an invariant {relative or absolute), 
d 2 log 0/du do is also an invariant, of weight ( — 1 , — 1 ) . 

Clearly we may obtain from (22), by the repeated application of the two 
processes defined by equations (25), an infinite number of invariants. We wish 
to show that all invariants of the net will be functions of those obtained in this 
manner. 

In the first place we recall the fact that every invariant is a function of 
seminvariants, i. e., of B, C, etc., and of the derivatives of these quantities. 
But (21) shows that B, C, • • • may be expressed as functions of 23, ©, 31', 23', 
©', 21", 6", and of their derivatives. Consequently every invariant I must be 
a function of the seven fundamental invariants and of their derivatives, i. e., 

7=^(33,6, •••; »., •••; 33„, •■•; 23 MU , •••)• 

Let us introduce infinitesimal transformations by putting 

U=u + <j>(u)St, V=v + f(v)St, 

where St is an infinitesimal. Then 

V' = l + f'St, v = <j>"8t, 



(26) tf' = l+f&, 
and 

8S-(-2£'+^')»S«, 



£=-f"St 
86' ; (0' + i/r' ) 6' St, 



Sg = -2f ©8«, 

(27) S31' Vr'21C'S«, SS8' <f>"?8'8t, 

821" = ( 4>' - 2f' ) 31" St , 86" = - 2f ' 6" St . 

In general, for an invariant ^ mM ), of weight (m, n), we shall find 
8fr m < "> = ( m<£' + «^' ) #»• ») 8< , 

(28) 8#f- K > = [{(m -l)cf>' + nf'} &?*> + m# TO ' M >f ]S«, 

80f .»> = [{ witf>' + (n — l)f } 0^ + nfr^^f'jSt. 

The latter formulae enable us to calculate 823 u , 833„, etc. The results may be 
tabulated as follows : 





». 


», 


K M 


«, 


"m 
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ss 
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"w 




6 M 


< 


4>' 


-393„ 


-2S3„ 


-3©„ 


-2©„ 


-K 




-233', 


-S3: 


-2©: 
- c 

- 6' 


- «: 




+ < 


- c 




+' 


+ S3 M 






- ©. 


-K 


-2Sl'„ 




-a3: 


-2©: 


-23i: 


-33i'; 


-2< 


-3©; 
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-233 




-2© 








- 93' 






+ 31" 
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+23 








- 31' 








- 6' 




-231" 




-2©" 



482 



E. J. WILCZYNSKI : FAMILIES 



[October 



Let I be an invariant (absolute) which depends only upon the seven funda- 
mental invariants and their first derivatives. Then hi must vanish for arbitrary 
values of <j> , yfr' , <j>" , i/r" . We thus obtain a system of four partial differential 
equations for I, involving 21 independent variables. The matrix of the coeffi- 
cients of these four differential equations is obtained by adding the seven 
columns corresponding to the infinitesimal transformations of 33, 6, •••,©" to 
the table just calculated. The form of the matrix makes it evident at once that 
the four equations are independent. Moreover, according to Lie's theory they 
must form a complete system. Therefore, there must exist 21 — 4 = 17 inde- 
pendent absolute invariants of the kind in question. Five of these may be 
chosen as independent of the derivatives. In fact we have 



so that 



21" 33 2 = 



& 



(U'y 



21" 93 2 



*£l -O — / ~\Tt \3 <K r O ) 



21" 



21" 33 4 21 



/,2 C 



_8T_ 

2T33 2 ' 



<r 



6" 3 



2l" 3 33 3 ' 2l" 4 33 2 



are five independent absolute invariants. From the fundamental seven relative 
invariants we can form fourteen others of the form (^ m - n \ £') and (0 (m ' n) , A'), 
but, of course, only twelve of these can be independent. In fact the following 
two, 

(33,//), (%",A') 

reduce to 623$' and 621' 21" respectively, while the other twelve are independent 
of each other and of the fundamental seven. 

We have proved that all invariants involving only the first derivatives of 33 , 
6, etc., may be obtained from the fundamental seven by the processes (25). 
Let us speak of these invariants as being of the first order. Now let I be an 
invariant of the second order. The system of differential equations satisfied by 
such invariants contains two more equations than the corresponding system for 
invariants of the first order. The matrix of the coefficients of d IJd^Q , d 7/521" , 
57/533,,, 57/521';, 5//533 ri ,, dl/d%" v may be represented by means of the 
matrices 

-233, 
M= 



in the form 



+ 33, 



+ 21" 

M, 
0, 



N, 



N= 



Q 

R 

N 



0, 
+ 33, 



+ 21" 




0, 0, 

where denotes a square matrix of the second order with vanishing elements, 
and where the values of the coefficients of the second order matrices R, Q, R 
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are immaterial. The determinant of this matrix is 

\M\ \N\\ 
where 

|jf| = 8srs, \n\ — srs, 

and therefore, in general, different from zero. The two new equations of the 
system are therefore independent. The same proof applies to the two new 
equations obtained when we pass to the invariants of the third order, etc. 

The system of differential equations for the invariants of the second order 
contains 21 more independent variables and 2 more independent equations than 
that for invariants of the first order. There must exist, therefore, 19 independ- 
ent invariants of the second order. The application of our two processes to the 
twelve independent invariants of the first order gives 24 invariants of the second 
order. We proceed to show that just nineteen of these are independent, so that 
our process actually furnishes them all. 

We have 

(%,A') = % v -3A'%, (ST, B) = %-'6E%", 
where 

[(ST, B'), A') = 2C - S&K - ZB'X + 6A'(%", B). 

If we remember that 

1 St" IS 

A ' = 21' — - — B' = 2V — - — 

6 2f ' ' 633' 

we see that these invariants contain the second derivatives of the fundamental 
invariants only in the combinations 

1 SB 1 31" 

respectively, and are, therefore, independent. The other two invariants of the 
second order which can be formed from 2t" and S3 , viz., 

[(®,A'),A'] and [(%",B'),B'] 

contain the further variables 33„ 2l" D and 33„„2T,,' U respectively, so that these four 
are certainly independent. 

Each of the remaining five pairs of invariants of the first order gives rise to 
only three instead of four independent invariants of the second order. We have, 
for example, 

(6, B) = & u +6B&, (6,^ = 6. 

so that [(6, B'), B'~\ and [(©, -<4')» -4'] are obviously independent. But 

[(6, 5'), A'] = <£„ + 65' 6, + 65', 6, 

[(6,^'), J B'J=6 u „ + 65'6„, 
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so that their difference involves, of second order derivatives, only SB which by 
our previous consideration, is capable of expression in terms of [ ( SB , A ) , B' ] , 
[(21", B'), A'~\ and invariants of lower order. Our process actually supplies 
us, therefore, with 2-2 + 5-3 = 19 independent invariants of the second order. 
It is clear that there must exist 7ra + 5 independent invariants of the nth 
order (not counting those of order lower than n ) . Let us assume that n of 
these, those obtained from SB by our differentiation processes, are of the form 

d" SB S3 g"3T 

*— *■ * ~ du"- k dv" + 231" £V- W + '" ( k - 1 ' 2 <--' n >' 

the terms not written being of order lower than n. Then none of these n 
invariants involves <3"S8/dw" or 5" 21" jdu n . Let n other invariants be of the 
form 

g"2t" %" d"SB 

so that none of these involves the variables 5" 21" /Sv H or c^SB/cV". Let the 
invariants formed from ©, n + 1 in number, be 

© M -*,* = ^r*^ + ••• (* = o,l,2,- ,»), 

where the omitted terms may involve, of quantities of the nth order, only the 
derivatives of 21" and SB • Let there be n + 1 invariants of this same character 
for each of the remaining fundamental invariants 21', SB', 6' and 6". All of 
these conditions are actually satisfied for n = 2 . 
Let us consider the invariants of order n + 1 , 

(»_»,*, £-), *-l,2, ...,», (SB ,„,4'), 

(C-*,*, ^'), *=0,1,2, ...,n-l, (Co,^), 

(©»-*,*,#'), * = 0,l,2,....,n, (©„,„, ^'), 

and the corresponding ones formed from 2f, SB', 6', © " . They will be 
2(w+l)+5(w + 2) = 7n + 12 in number; they will obviously be inde- 
pendent and will have all of the properties which were assumed for the invari- 
ants of order n. Since there exists a system of invariants of the second order 
with these properties, there exists a system of invariants of the nth order with the 
same properties, as our induction proof clearly shows. Since, moreover, our 
process gives us precisely the right number of independent invariants of order 
n + 1 > we have proved the following theorem. 

Every invariant of the system of partial differential equations (4) is a 
function of the fundamental seven, and of those others which can he obtained 
from them by repeated application of the two differentiation processes (25). 
The system of equations (14), the integrability conditions for (4), must of 
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course be an invariant system of equations. We find, more specifically, that 
each one of them is invariant by itself. It must therefore be possible to rewrite 
these conditions in such a form as to exhibit their invariant character. In order 
to do this in a convenient form we shall introduce the two further invariants 

(29) H=C' + A'B'-A' u , K = C' + A'B'-B' v , 

which, of course, may be expressed in terms of our fundamental invariants, but 
which merit a special notation on account of their great importance, and because 
their expression in terms of the fundamental invariants is rather complicated. 
We shall first show how these latter expressions may be obtained. Since 

(30) M " 6 dudv ' jD »-°» 6 dudv 

%' n ={%', E), S: = (3 3',^'), 

we have 

1 d 2 log 21" Id 2 log® 



(3i) # =( r-(2r,i?') + 6^|r> jr=<r-(§BW) + 



6 dudv 



so that it remains to find the expressions for d 2 log W/dudv and d 2 log %$[duvv . 
Now we have 

(33, A')=%-8A'%, [(», A'), B'] = ® u -SA'% u -3Al%+GB'(®, A'). 

From these equations we find 

d 2 W 33 d 2 loe- 91" 1 
< 32 ) 2 "air + -W = » ^ 2 K 33 ' ^ *] -12»'(33, ^')+633(2I', 5')}. 

In the same way we may prove the formula 
d 2 log 33 5 2 log 31" 1 

< 33 ) -adr + 2 ~alr - r {2 [(r ' E) ' A ' ] - m '< r ' ^')+er(33', 40}, 

and these two equations suffice to solve our problem. 

The integrability conditions may now be written as follows : 

-%"®-H-K=0, 6+(33,^') = 0, 

(34) 6" + (21", £') = <), (®,A')-(K, 5') + 33©"=0, 

(6",5')-(^i')+« = 0, 

arwZ iw iAts /orm tAeir invariant character is obvious. 

We have already observed that the seminvariants are capable of being 
expressed in terms of the fundamental invariants and of their derivatives. But 
if the seminvariants are known as functions of u and v the corresponding net of 
plane curves is determined except for a projective transformation. We see, 
therefore, that the following theorem is true. 

If the seven fundamental invariants of a net are given as functions of u and 
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v so as to satisfy the five conditions (34), the net is determined except for a 
projective transformation. 

§ 4. The covariants of the net and its Laplacian Transformations. 

Let 

^ k) =f {k \u,v) (* = 1,2,3) 

be the equations of the net of plane curves under consideration. For given 
values of u and v, j/ 1 ', i/- 2) , y (3) are the coordinates of a point y* through which 
pass the two curves u = const, and v = const, of our net. The tangent t to the 
curve v = const, will be obtained by joining y to the point y u whose coordinates 
are 

... a/w(«, v) 

and the coordinates of any point of this tangent (distinct from y) may be ex- 
pressed in the form 

(35) ^ + af> (fc = l,2,3). 

Now let y move along a curve u = const., and in each of its positions construct 
the line t tangent to that one of the curves v = const, which passes through it. 
These lines t will have an envelope, which we now proceed to determine. The 
expressions (35) are the coordinates of an arbitrary point Q of t . As y moves 
along the curve u = const., v alone changes, so that the tangent of the curve 
described by Q will be obtained by joining Q to the point R whose coordinates 
are 

= «V* + (# + «)2/f + (c + «„)2/ w (* = 1, 2, 3). 

Now if Q is the point where t meets its envelope, t must be tangent to the 
envelope at Q, i. e., the line QR must coincide with t. This will be so if and 
only if a = — V , assuming of course that the curves u = const, and v = const, 
are not tangent to each other at the point y. 

We see, therefore, that the tangents to the curves v = const, constructed at 
the points where these curves meet a fixed curve u = const, have as their 
envelope the locus of the point P p whose coordinates are 

p!.V = y(»-b'yM (fc = l,2,3). 

Similarly, the tangents to the curves u = const, along a fixed curve v = const., 
have as their envelope the locus of the point P a whose coordinates are given by 

</■'« = tfv - a' f h) (* = i,a, 3). 

* This is, of course, the same point which has previously been denoted by P y . 
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It follows from these considerations, and may easily be verified analytically 
that the semi-covariants 

( 36 ) p = y a - b 'y, <r = y, — a'y 

are also covarlants of system (4). The same thing is, of course, true of y itself. 

All other relative covariants are homogeneous functions of these three and 
of invariants. For in the first place we need consider only covariants which 
involve, necessarily in homogeneous fashion, y, y u and y and no derivatives of 
y of a higher order. In fact, if a covariant did involve higher derivatives we 
could express them in terms of these three by means of equations (4) and those 
derived from them by differentiation. If we were to set up the system of partial 
differential equations satisfied by the absolute covariants, we should find the 
same system as that considered before for the absolute invariants with the addi- 
tional terms arising from the presence of the two new variables, viz., the two 
ratios of the quantities y, y u and y v . This system will therefore have two more 
independent solutions than that for the invariants, and these two may be chosen 
to be pjy and a/y since they are clearly independent. All absolute covariants, 
then, are functions of p/y, <rjy and of absolute invariants, whence follows at 
once the theorem as stated. 

The covariants p and cr, as we have seen, establish a correspondence between 
the point P y and two other points P ? and P a . As u and v vary, each of these 
two points _P p and P v , in general, describes a new net of plane curves which 
shall be called Laplacian transforms of the net determined by P . More speci- 
fically we shall call the net determined by P a the first, and that determined by 
P the minus first Laplacian transform of the original net, for the reason that 
the first Laplacian transform of the net determined by P^ is the original net. We 
proceed to set up the partial differential equations of the net determined by P a . 

We may assume that the system (4) has been reduced to its canonical form 

y» a = - B 'y» + B y v + Cy, 

(37) y uv = A'y u +B'y v +C'y, 

y„„ = A"y u -A'y v + C"y. 

We shall find from (36), by differentiation and making use of (37), 

(38) * u =B'y v + {C'-A' u )y, <r„ = A" y u - 2A'y v + (C" - A' v )y, 
and further 

*.„ = (C" " K + *#)y» + (K + ^)y v + {C' u - A m + BC')y, 

1 *„ = « " A'A")y u + {G"- ZA' v + A"B - 2A'B')y v 

+ {C:-A' vv +A"C'-2A'C")y. 

Trans. Am. Math. Soc. 33 
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Now from (36) and (38) we find 

(40) *-** + *> 

* u = Hy+Ba, a v =(C"-A' v -2A' 2 )y+A"y u -2A'a, 

whence 

A" By = A"<r u - A'B'a, 

(41) A"Hy=-(C"-A'-2A' 2 )* u+ H* v+ {2HA+B\C"-A-2A' 2 )^, 

A"Hy v = A'A"a u + A" (H- AB)a. 

We shall therefore obtain for <r a system of partial differential equations of the 
form 

( 42 ) °- uo =«'i°-u + & ;^+ c i ff . 

a = d'cr + V'cr 4- e'er, 

w , 1 u ' 1«' 1 ' 

whose coefficients may be expressed as follows : 

A" Ha. = A"H+ A"H - A"HB', A'HK = H\ 

1 u ' u ' 1 ' 

AHc y = - A"B'H u + 2 AH 2 + H( A"B' u - B A' n + 2A"B 2 ) , 

A"Ha\ = A"( A'H+ H ) , A"Hb[ = A"BH, 

(43) 

V ' A"Hc[ = - A"B'H + A"H 2 + A"H(B' v - A'B'), 

A" Ha'; = A" 2 K+ A'%" v - <T< , AHb'[ = ( A" m - A'A")H, 

A"Hc';=A"m-B(A"&'; -a" a; + a ,2 k)+ 2H(aa; -a"a v + a 2 a"). 

The system (42) is not in its canonical form. In order to reduce it to the 
canonical form, we put 

where X is subject to the conditions 



; = *K + *;) = !(§ + §)' ^ = H< + K) = l(§ + §), 



X 
X 
so that 



X = const. tIA'H. 



We shall omit the details of the calculation. A system of form (37) is 
transformed into another system likewise in its canonical form by the trans- 
formation 

(44) y, = y -^^- 

\ ) #1 i/ A » H 

Its coefficients, the seminvariants of the first Laplacian transformed net, are as 



(45) 



-^ - 
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follows : 

C l = B u + 2B +^^^-^[^> + 1 j) + lA r \A r ' + H) 

5(A''B.\* 2A" U H 1(A" U H m \ 
+ 9\A" + IIJ 2,A"H 3\A" + H ')' 

c[ = c + b:-a:-b'§ + 1 (a' + §)(§ + §)+**•(*+*) 

\(Al II\(A: H\ \(Al H u , A^X H u H\ 
9 \A" + H) \A" + H J 3 \A' r + H A"' 2 H z J ' 

, i („„ 6 „a:\ a: 2/a; HA 

c; = <r - B E (s; - g" ^ + a-^") + 2 (^ ^ - ^; + a ' 2 ) 

+5 l(c- 6 "| + ^)($ + #) + ;(-.' + <)($ + #) 

i(-K wy ir ai ii^ (a:v (H v \n 

~§\A "+H) ~3lA" + H ~\A" ) ~\H ) y 

where we have assumed A" and H different from zero. The eases thus excluded 
are necessarily so, since the corresponding net is degenerate. In fact, if 
A' = , we see from (37) that 

y m — A 'y„ + C"y, 

so that the three solutions y {k) will satisfy a homogeneous relation of the first 
degree with coefficients independent of v ; i. e., the curves w = const, of the 
original net are straight lines. The locus of P a in that case obviously degen- 
erates into a curve, the envelope of these straight lines. This is also apparent 
from (40), for if A"= 0, on account of (14), C" — A' v — 2 A' will also vanish, 
so that we shall find 

a = — 2A'a. 

V 

The curves u = const, of the transformed net degenerate into the points of the 
envelope, the curves v = const, of the transformed net all coincide with this 
same envelope. 

If 11= 0, equations (40) show that 

<r . = B' a ; 



A"K 
Al -~H~ 
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i. e., the envelope of the tangents to the curves u = const, along a curve 
v = const, degenerates into a point. In this case the curves v = const, of the 
transformed net degenerate into points, and the curves u = const, all coincide 
with the locus of these points. 

We can now verify the following theorem. If A" = or B = , one of the 
families of the original net is composed of straight lines and the first or minus 
first Laplacian transformed net degenerates. The only other cases in which 
one of these transformed nets degenerates are obtained by equating either IT 
or K to zero. 

In fact, the first Laplacian transformed net will degenerate if and only if the 
locus of P a for all possible values of u and v reduces to a curve, i. e., if a 
satisfies an equation of the form 

a<r « + P°v + 7°" = ° , 
or if 

a(Hy + Ba) + j3[(C" -A',- 2A' 2 )y + A" y u - 2A'a] + 7 <r = 0. 

Now the points y, y u and a are not collinear if the curves u = const, and 
v = const, are not tangent to each other at the point P . Consequently we 
should have 

aH+/3(C"-Al-2A' 2 ) = 0, /3A" = 0, aB - 2/3A' + y = . 

If H is not zero, we should therefore find necessarily A" = 0, since 
a = j3 = 7 = is not an admissible solution. 

The seven fundamental invariants of the first Laplacian transformed net have 
the following values : 

%! = §, ^ = ~(ir v + sA'ff), 

2 H 1 31" 1 a 91" 1 31" \ H 

1 ^ 3 H 3 31" ^ 63i;' dv ' ^ 2 St" 6 H ' 

(4b) ^-6 - A% +B 9 -^ T +- W — 2 ^-J, 

We find further 

B 2 loe H 
(46a) H l = 2H-K--^ d -, K l = H. 

We now proceed to set down the corresponding equations for the minus first 



+ WH~ 6A °~~W 



1911] AND NETS OF PLANE CURVES 491 

Laplacian transformed net. We shall find 

( 47 ) P uv =a'_ l p u +b'_ lPe + c'_ lP , 

P„ = "liPu+ 1>-iP. + dip* 
where 

BKa_ x = (B u - BB' ) K, BKb_ x = B& u -BJI + B 2 If, 

BKc_ x = BK& - A\ B£ u - BJ& + B 2 II) + 2K{BB u - BB' u + BB 2 ), 

BKa' = A'BK, BKb' = BBK+ BK , 

(48) 

BKc'_ v = - A'BK u + BK 2 + BK( A' u - A'B' ) , 

BKa", = K 2 , BKb" t = B K+ BK - A'BK, 

BKc'_ x = - A'BK + 2B'K 2 + K( BA' v - A'B v + 2A' 2 B). 

In order to reduce (47) to its canonical form we put 

The coefficients of the resulting system, the seminvariants of (47), are : 

A_ x = - B + § - | (§ + §) , B_ X -± S {BS % -BJS,+BFH), 

C_ l = (Z—£ E: {m.-B„lS,+ B 2 H) + 2^B^-B: + i?' 2 ) 

\(B K B 2 K 2 \ KB K\ 2 
~ S\~B~ + K '~~ ~W ~ K 2 ) ~ 9\B + K J ' 

^W-|(§ + £). ^ = - + §-|(§ + f). 

1/B K BB KK\ 1/B K\/B K\ 
S\B + K B 2 K 2 ) §\B + K)\B+ KJ' 

A" -* B" --A'^-^+XA 

-i ~ B ' -> _ A + 3 V B + K ) ' 

,, „ ,,. 25'JT liT/^ iT\ t ,,/B K\ 
5/B KV 2B K 1/B K \ 

+ 9 \ .g + .ar y s b k s\ b ~*~ k )' 



(50) 
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The seven fundamental invariants of the minus first Laplacian transformed 
net have the following values : 

,«m ar' _>!' ^ ± x . »' -w lg ».i. 2jg "- i 1 a ^-' 

^oi; Ji,_ x --a. 2 ^ g^, ^_!-^ 3 33 + 3 .ST + 633_, 5u' 

and furthermore 

d 2 log 7T 
(52) *_,-*, K^-iK-H—^. 

It is easy to show that these two Laplacian transformations may be regarded 
as inverse to each other, a fact which has been made use of in our notation. In 
general, we shall therefore obtain an infinity of nets of plane curves by the repe- 
tition of one or the other of these transformations. It may happen however that 
a certain one of these nets degenerates, as is the case for instance if either H or 
K vanishes. In all such cases the general integral of the equation 

^ ' dudv ~ du dv 

can be obtained by quadratures, and we are in possession of a very elegant ana- 
lytical theory of this differential equation from this point of view, a theory 
originated by Laplace and further developed by Darboux. To Darboux is due 
also a geometrical interpretation of this theory which puts it into relation on the 
one hand with the theory of conjugate nets of curves on curved surfaces, and on 
the other with the theory of congruences of straight lines. But these geometric 
theories as developed by Darboux are not projective theories, since a simple 
equation of form (53) does not suffice to characterize a surface protectively. A 
purely projective theory may be obtained by adding a second partial differential 
equation of the second order to (53), and this is essentially what has been 
done by the present author in his general projective theory of surfaces and 
congruences.* 

*E. J. Wilczynski. Projective Differential Geometry of Curved Surfaces. Five memoirs. 
These Transactions, 1907-1909. Compare also Sur la theorie generate des congruences, soon to 
be published by the Koyal Belgian Academy. 
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In the present paper we have found a different geometric interpretation for 
Darboux's theory, which seems to have escaped notice until now, and moreover 
since we are considering, not a single linear partial differential equation of the 
second order, but a system of three such equations, our theory is a purely pro- 
jective one. Every one of Darboux's analytical theorems furnishes a prelimi- 
nary basis for a series of deeper investigations concerning such systems of par- 
tial differential equations or, geometrically speaking, concerning nets of plane 
curves. Suppose, for instance, that equation (53) is of such a character that its 
general solution may be obtained by quadratures. It will contain a certain 
number of arbitrary functions. The question remains : how to determine these 
arbitrary functions so as to satisfy the remaining two equations of the system, 
and this reduces to a problem in ordinary differential equations. 

As the point y moves along a curve u = const. or» = const, of the original 
net, the corresponding point y x or er describes a curve u = const, or v = const, 
of the first Laplacian transformed net. Now the lines yy x are the tangents of 
the curves u = const. Let us speak of those curves of the transformed nets 
which are described by y x when y moves along one of the curves u = const., or 
by y 2 when y moves along one of the curves v = const, as direct, and the other 
curves of their respective nets as indirect transforms of the curves of the original 
net. The lines which join the points of a curve of the original net to the cor- 
responding points of its direct Laplacian transform will then be tangents of the 
former curve. The lines which join the points of a curve of the original net to 
the corresponding point of its indirect Laplacian transform are tangent to the 
latter. 

This terminology is convenient in enabling us to state the following simple 
theorem. If a net of plane curves is obtained from another by a Laplacian 
transformation, its two families of curves are respectively the direet transforms 
of one and the indirect transforms of the other of the two families of the orig- 
inal net. That family of the transformed net, which corresponds indirectly to 
a family of the original net, can never be composed of straight lines. 

In fact, if the curves v = const, in the first Laplacian transformed net are 
straight lines, B, and therefore, according to (45), ZTmust vanish identically. 
But if H = , the transformed net is degenerate. 

In a net obtained by Laplacian transformation from another net, those curves 
which correspond directly to curves of the original net may be straight lines. 
They will be straight lines in the first transformed net if and only if 

(54a) %" 2 K + I"C - GX' = , 

and for the minus first, if and only if 

(546) aw+sG.-gs.-o. 
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§ 5. Determination of those nets whose Laplacian transforms are merely 
projections of the original net. 

By means of the Laplace transformation two nets are brought into what we 
may call a point-to-point correspondence, those being corresponding points 
which, in the two nets, correspond to the same pair of values (w, v). Our 
equations are such that both the original and the transformed nets are referred 
to the same independent variables. Consequently if this correspondence is to be 
equivalent to a projective transformation, the corresponding invariants must be 
equal for all values of u and v . Since, moreover, the semin variants are expres- 
sible in terms of the invariants and their derivatives, the conditions necessary 
and sufficient for projective equivalence of a net and of its first Laplacian trans- 
formed net are 

B 1 = B, C^C, A[ = A', B[ = B', C[ = C\ 

A r ; = A", c; = C". 

According to (45) we find, therefore, the following conditions for A, B, C, etc. : 
A" H „ H „ 

B u + ZB + L-^r +xj*{ a » + H )~ dA » ff ■■-<>. 

1=0, B:-A:-B'§ + i B'(§ + §} = 0, 

(&:-&"§,+ ka^ + 2(a'§-a: + a'^ 

1/ A , A"\[A" II\ If A" H\ 2 \d(A" H\ „„ 

The first and fourth of these conditions give, upon integration, 

A"H=ty{v), A"H- 2 =(f>(u), 

<f>(u) and yjr(v) being functions of the single arguments indicated.* Con- 
sequently 

A" = <f>ifi, H=$-*f*. 

Now A" and H are relative invariants, and if we put 

(56) S-J7(«), v = V{v), 

* Neither of these functions can vanish identically, since A" and H must be different from 
zero. Otherwise the transformed net would be degenerate. 



(55) 



2H, 1A". „ „. ,, m H. . , m fA" H. 

IW~IA 

A'K 1 /_.. _..A 

K „ b 1 ( „ a: ....,., ,a . .,/ ,,a: 

6 - w 
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they are transformed into 



EL n-J 1 ^ 

{V') 2 ' U'V 



A" = A" t^, T2 , H=^yr^ 



respectively. We may, therefore, reduce them to unity by choosing U' and 
V so that 

The most general transformation of the form (56) which leaves the conditions 
A" = H = 1 invariant will be conditioned by the equations 

(UJ = 1, (F) 3 =l. 

The conditions (55) now reduce considerably. They become 

A" = l, H=C + A'B'-A' u =l, 5 = 1, 

2A' + B' u + 2B' 2 =C, B' v -Al = 0, K+&; = 1, 

&"-B' + 2(-A' v + A' 2 ) = C", 
whence 

A" = l, B = l, A' = 4>„ B' = $ u , C'=l -*„*. + *„, 

C= $ uu + 2$ v + 2#, C" = 0„ + 2tf - 0„ + X(«). 

Here \(«) is an arbitrary function of u, and <f> is subject to the equation 
<f> vv = , so that 

<j} = fi(u) + v(u)v, 

ja(w), v(w) being arbitrary functions of u. Let us denote dp/du, cPp/du 2 by 
fj! , /j," , etc., then we shall have 

A = -B', B = l, C=n"+2v+2n' 2 +{v" + ±n'v)v+2(v') 2 v\ 

A' = v , B' = /*' -f- v'v , C = 1 — 17* + v" — w'» , 

A"=l, B" = -A', C" = X+2v i -n'-v'v. 

These quantities must satisfy the integrability conditions (14). Imposing this 
condition we find that we must have 

\=3Z, /x, = k-\-lu, v = m, 

where k, I, m are arbitrary constants, so that we find finally 

A = -l, B = l, C=2(P + m), 

(57) A'=m, B'=l, C'=l-lm, 

A"=l, B"=-m, (Z" = 2(Ifm ! ). 

If a net is protectively equivalent to its first Laplacian transform, its system 
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of differential equations can be reduced to one with the constant coefficients (57) 
which involve two arbitraries. 

A system of partial differential equations of this form may be integrated as 
follows. The function 

y = e «»+0« 

will be a solution of it, if a and /3 can be determined so as to satisfy the three 

conditions 

a 2 =-Za + /3 + 2(Z 2 + m), 

(58) afi = ma + 1/3 + 1 — Im, 

/3 2 =a-m£ + 2(Z + TO 2 ), 

and these, it is easy to show, are consistent. The elimination of /3 leads to the 
following equation for a: 

(59) f{a) = a 3 - 3 (Z 2 + m)a + W + Sim - 1 = . 
Let dj, a 2 , <x 3 be the three roots of this cubic, and let 

ma k + 1 — im 



(60) 



& = 



a i,— I 

k 



(* = 1,2,S), 



be the corresponding values of /3. In order that the three solutions of our sys- 
tem of partial differential equations 

(61) y^) = e a k u+^v (fc=l,2, 3), 

may be linearly independent it is necessary and sufficient that the three roots a k 
of (59) be distinct, as may be seen by applying the usual test. Let us assume, 
therefore, that the discriminant of (59) or 

(62) A = 1 - 6lm - SPm 2 - 4 ( I 3 + m s ) 

is different from zero. Then the three quantities /3 1 , /3 2 , /3 3 , will also be dis- 
tinct, and the net defined by equations (61) will be non-degenerate. In fact the 
determinant D [of. eq. (3)] becomes 

111 



Z? = 



= 2 ( 0! 2/ 3 3- a 3/ 3 2)- 



A 0, t 
On account of (60) we may write 

(«2 - a 3 ) j> g 2 g 3 + C 1 - lm ){ a 2 + <h) - H 1 - ll7h ) ] 

( a 2 -a 3 )[ m g i a 3+ (l-lm)(a 2 + a ;i )-l(l-lm)'\(a l -l) 

Oi-OK-OK-O 



Z> = 2 V 

= 2' 
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The denominator of this fraction is equal to 

-/(0 = i- 

Consequently 

D = 2(a 2 — a 3 )[TOaja 2 a 3 -f- (1 — /m)(a 1 a 2 + a^) — £(1 — lm)a y 

— lma 2 a 3 — 1(1 — Im )(a 2 + « 3 ) + £ 2 (1 — £m)]. 
But, according to (59), 

a i + a 2 + a 3 = ' a 2 a 3 + a 3 a i + a i a 2 ~ — 3 (^ + m ), 

a x a 2 a 3 = 1 — 3?m — 2f. 
Consequently 

Z> = 2(a 2 - « 3 )[m(l - 3Zm - 2Z 3 )-3(£ 2 +m)(l-Zm)+P(l-£m)-a 2 a 3 ] 

= [m(l-mm-2l i )-S(l 2 +m)(l-lm) + l\l-lm)]'2(a 2 -a 3 )--E(ala ;t -a 2 al). 
But obviously 

2 ( a 2-«3) = ' 2 («2«3- a 2 « 3 2 )=- A ' 

so that 

(63) D = A 

and is consequently different from zero. Therefore equations (61) define a 
non-degenerate net of plane curves if the quantities a t , a 2 , a 3 are distinct. 
We proceed to discuss the case when two of the roots of (59) are equal, say 

«3 = a 2> A = > 

while aj and a 2 are distinct. We may put again 

(64) y (n = #**+$# (fc=1)2 ), 

but it remains to find a third solution of our system of partial differential equa- 
tions. The second equation of (58) may be put into the form 

(a-l)($-m) = l, 
so that we may write 

a — l=t, /3 — m = — , 

V 

and consider the cubic 

(65) t 3 + Sit 2 - 3mt - 1 = 

instead of (59). If we denote its roots by t t , t 2 , t z we have in our case t z = t 2 . 
According to well-known principles, the function obtained from 

dt l J 

by substituting t = t 2 after the differentiation, will be a solution of our partial 
differential equations if t 2 is a double root of (65). We thus find 

(66) y< 3 >= [(a 2 -^)M-(/3 2 -m)«]e^+^. 



498 E. J. WILCZYNSKI: families [October 

That this function satisfies the differential equations may also be verified 
directly. The linear independence of the three functions y {K> and the non-degen- 
eracy of the net may be verified as before, or even more simply as follows. We 
find 



whence 



(67) 



yd) 
yd) y(3) 

*A log^ + m,(*,- O^ = (*, - < 2 ) 2 »< 

yd) yO) 



as the finite equations of the curves of our net. We see that neither family of 
curves degenerates, since t 2 =)= t l . Moreover, the three functions are linearly 
independent, since no root of (65) can be equal to zero, and consequently the 
curves (67) cannot reduce to straight lines. 

If all three roots of (59) are equal, their common value must be zero, and we 
must have 

P + m=0, l-3lm-2l 3 =Q, 
so that either 

Z = — 1, m = — 1 or Z = — a), m = — a) 2 or Z = — a> 2 , m = — a>, 

where w is a primitive third root of unity. If we write down the three systems 
of differential equations which correspond to these three alternatives, we find 
that they may be transformed into each other by a transformation of the form 

u = au , v = /3« , 

where a and /3 are constants. It suffices therefore to consider the case 

I = m = — 1, 

which gives rise to the following system of differential equations : 

if UU ~ ~ if U "^ if V ' if UV ^~~ if U if V ^ «/ VV ~ ~ if U *^ if V 

This system has the following three linearly independent solutions ; 

y (l) = (u — v) 2 + u + v, y (2) = u — v, 2/ 3 > = l. 

Consequently the equations of the two one-parameter families of the net will be 

( x, + x„ ) x, — xl — 2uxl = , 
(68) 3 

(aj t — x 2 )x s — x\ — 2vx\ = ; 
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i. e., both families are pencils of conies, which may be completely characterized 
as follows. The conies u = const, all have four-pointic (third order) contact 
with 

(69) (x l +x 2 )x s -x 2 2 = 

at the vertex A ( x 2 = x s = ) of the triangle of reference. Similarly, the conies 
v = const, have four-pointic contact with the conic 

(70) (x 1 -x 2 )x 3 -x 2 2 = 

at the point A . It remains to characterize the two conies (69) and (70). The 
conic (69) touches the line x l + x 2 = at the vertex C(x l = x 2 = 0) of the 
fundamental triangle, while (70) at the same point touches the line x l — x 2 = , 
and these two lines divide harmonically the sides of the triangle AC and BC 
which meet in C . The third side of the triangle BC(x l = 0) meets the two 
conies in two points which divide it harmonically. We may, therefore, con- 
struct our two families of conies as follows. 

Choose an arbitrary triangle and denote its vertices by A, B , C. Through 
the vertex C draw two lines, I and m, which divide CA and CB harmon- 
ically. On the side BC of the triangle choose any two points, D and E, which 
divide BC harmonically. Construct the conic K x tangent to AB at A, tan- 
gent to I at C and passing through D. Construct also the conic K 2 , tangent 
to AB at A, tangent to m at C, and passing through E. The two pencils of 
conies, which have four-pointic contact with K x and K 2 respectively at A , 
determine the most general net of conies which has the property that its 
Laplacian transformed nets are projectively equivalent to it. 

Let us return to the general case, in which the three numbers a,, a 2 , a 3 are 
distinct. The curves of the net are, of course, anharmonic curves, using Hal- 
phen's terminology, since the linear differential equations of the third order 
which define them have constant coefficients.* For every curve of this kind 
there exists a one-parameter group of collineations which converts it into itself, 
and in the general case this collineation group has an invariant triangle. From 
this remark it easily follows that the three points in which a tangent of the curve 
intersects the sides of the invariant triangle, together with its point of contact, 
will determine an anharmonic ratio, constant along the whole curve. This con- 
stant anharmonic ratio is an absolute invariant of the curve, but its expression 
in terms of the coefficients of the differential equation is irrational. In fact, the 
six values of this anharmonic ratio, which correspond to the different possible 
arrangements of the four points on the tangent, are the roots of the following 
equation of the sixth order 

( m (x'-x + i)' ei 

*■ > (\-2) 2 (l-2X) 2 (X+l) 2- ^' 

*Cf. equations (73) to (76) of the following paragraph. See also E. J. Wilczynski, Pro- 
jective Differential Geometry, pp. 86-9C. 
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where 

3 9 (m + Z 2 ) 3 



(72a) 










for the 


curves 


v = 


const. 


and 


(726) 








^ 8 3 


for the 


curves 


u = 


■■ const. 


* 



(21* + Sim -If 

3 9 (Z + m 2 ) 3 
(2m 3 + Sim -If 

It is not difficult to show that, when the invariant triangle and the value K 
of the anharmonic ratio which corresponds to a definite arrangement of the 
four points on the tangent are given, there exists a unique one-parameter family 
of anharmonic curves belonging to the given triangle and the given anharmonic 
ratio in the sense of the above theorem. This being so, we can describe our net 
in the general case [all roots of (59) distinct] as follows. 

Construct an arbitrary triangle. Let X and X' be two numbers different 
from each other, from zero, from ± 1 , 2 or \ .f Construct the two one-param- 
eter families of anharmonic curves which have the given triangle as invariant 
triangle, and whose curves belong to the anharmonic ratios X and X' respec- 
tively. Any net constructed in this way will be projectively equivalent with 
those obtained from it by Laplacian transformations. 

The assumption that X and X' shall be distinct does not imply that the 
invariants (72a) and (726) shall have different values. In fact, for a given 
value of the absolute invariant 0l/6f\ (71) shows that there are six values of X 
no two of which coincide, except in the cases which have been excluded. 

The nature of the net in the intermediate case, when two roots of (59) coincide, 
but not all three, is most easily investigated as follows. Let 

yV_ yV_ 

y(3) — X ' yd) — V 

be cartesian coordinates. Then equations (67) may be written 

<2 lo S2/ + (t i —t 1 )x = v, t x logy+ (t 2 -t 1 )x = u, 



where 



or, more simply, 
where 



M. 



v, u = (t l — t 2 fu, 



y = JJe '' , y = Ve h , 



U = e ( i , V= e't , 



*Loo. cit., pp. (58), (59), (88). 

t These values are excluded because they correspond to the cases in which the three quanti- 
ties a lt a 2 , a 3 are not all distinct. 
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so that the families u = const., v = const., coincide with the families U= const., 
V= const., respectively. 
In our case (, and t 2 are distinct, so that the equations may be written 

y=UA\ y=VB% 

where A and B are two distinct numbers, which may be thought of as being 
given arbitrarily. 

We therefore obtain a net of the desired character if we construct two 
exponential curves 

y = A% y = B\ 

with arbitrary, but distinct bases, and then magnify their ordinates in all 
possible ratios. The most general net of the kind considered is obtained from 
this one by projective transformation. 

It is of interest to notice the further result that the system of differential 
equations with constant coefficients which has presented itself in this theory is 
the most general completely integrable system of form (4) whose invariants are 
constants. This may be verified easily by making use of the integrability con- 
ditions in the form (14). 

§ 6. Osculating conies of curves of the net. 

An individual plane curve is characterized projectively by a linear differential 
equation of the third order. We now proceed to determine these equations for 
the curves u = const, and v = const, of a net when the latter is defined by a 
system of form (4). 

We have 

Vuu= ay u -t hv + c v, 

and consequently by differentiation and making use of (4) 

y UU u = (a M + a 2 + a'b + c)y u + (b u + ab + bb')y c + (c u + ac + bc')y. 

The elimination of y v between these two equations gives the desired equation for 
the curves v = const., viz., 

( 73 ) yuuu + Zpiy uu + ty 2 y u + p % y = o » 

where 

Pi = — 3 ( j + a + b' j , p 2 =—~( a „ — a-~+c+a'b — ab'J, 

(74) 

Pz = - ( c « - c f + bc '- b ' c V 

Similarly we find the differential equations of the curves u = const., viz. 4 

( 75 ) Vwv + %, y m + HiVv + q*y = , 
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where 

(76) 

q s = - ( c'; -c"%+ a"c - a'c" J . 

The semin variants and semi-co variants of (73) are * 

8 Pl Z> _ 0„ _ , 0„3 5 Vl 



p 2 ^p 2 -p1-£, P^Pz-Zp^ + W- 



/77) " * * *' cm' 3 -< a * « * ■ "' aw 2 "' 

the corresponding functions for (75) are 

(7g) ft = ?,-?J-^. «3 = ?3-3? 1?2 +2 ? ?-5 1 , 

» w = y, + ?i y » / >( ° ) = y„ + 2y, y v + q 2 y- 

If we substitute into the expressions for a M , y = 3/*' ( A; = 1 , 2 , 3 ) , where 
y°\ s/ 2) > 2/ 3) are three linearly independent solutions of system (4), a (u) assumes 
three values which we interpret as the homogeneous coordinates of a point. 
This point s (u) will obviously be on the tangent of the curve v = const, con- 
structed at the point y . Similarly pf- a) represents a third point of the plane, 
and these three points will not be collinear unless y is a point of inflection of 
the curve v = const, under consideration. Any expression of the form 

a x y + a 2 z™ + a 3 p™ 

will then represent a point, whose coordinates, referred to the triangle y, z ( "\ p (u) 
may be chosen proportional to a L , a 2 , a 3 respectively. We shall prefer, how- 
ever, to use the notation 

a k = xf . (fc = l,2, 3). 

Eeferred to this system of coordinates, the equation of the conic having fourth- 
order contact with the curve v = const, at y is 

(79) x%* - 2xf> xf + P 2 xf* = .f 

We wish to find the equation of this same conic referred to the triangle of 
reference y, z, p whose geometrical significance in connection with a given net 
has already been discussed. In order to do this we must find the equations of 
transformation between the two systems of coordinates. 

Let x x , x 2 , x 3 be the coordinates of a point with respect to the triangle y, p> 

* E. J. Wilczynski, Protective Differential Geometry, pp. 58, 59. 
flbid., p. 65. 
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a, and let x^], af 2 tt) , afp be the coordinates of the same point with respect to the 
triangle y, z (u) , p (u) . Then we must have 

x x y + x 2 p + x 3 a = a(xf?y + xfz {u) + xfffr*), 

where w is a factor of proportionality. Now we find from the definition of 
these quantities the following relations : 



(80) 



a = -ah-c + a Px +2p\-p 2 y _ a + 2p, ^ + 1 ^ 



Let these values be substituted into the preceding equation. The coefficients of 
y, z (u \ p {u) on both sides of the equation must be equal; otherwise we should 
find a linear homogeneous differential equation of the form 

Ly uu + Py u + Qy=0 

satisfied by y m , y (2 \ j/ 3) ; i. e., the curve v = const, considered would be a 
straight line, which case we shall exclude. The exceptional case suggested by 
(80), viz., 6 = 0, has the same significance. Obviously in this exceptional 
case there is no proper osculating conic. 

We obtain, therefore, the following equations of transformation 

eosef = as 1 — (p r + b')x 2 + t ) (— db — c + ap x + 2p* — p 2 )x 3 , 

(81) ^ = X2 - a -±*h Xi , 

n 1 
<oxM = ^x 3 . 

The equation of the conic (79) referred to the new triangle of reference 
becomes therefore 



(82) 



Vx\ + \b ( 2 j - 4a + 86' \ ayc 3 - 26a> 1 a 



+ ( 3 i> 2 - P\ — -^ + 2a Pi + « 2 + 2a'6 + 2c J x\ = . 



Since our triangle of reference is a covariant triangle, the coefficients of this 
equation must be invariants of the net. In fact we find that equation (82) may 
be reduced to the following : 

(83) M = Wx\ + 43333'a3 2 cc 3 - 2»x l a; 8 + £bJ = , 

Trans. Am. Math. Soc. 34 
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where 

(84) <£ = © - 4S3' 2 + 2®; + Q%'B' . 

In order to verify this statement, it is convenient to assume that system (4) is 
given in its canonical form, and to introduce for p x and p 2 their values from (74). 
In the same way we may find the equation of the conic which osculates the 
curve u = const, at the point y . We have, in this case, the relations 

(85) ^ = ^[(- a " 6 '- c "+ 6 "^ + 2 2i-?2)2/-(2^ 1 +&")^ ) + P w 3. 
<r=-(a' + q 1 )y + ^, 

so that 

oox<f } = x l + — ( — a"b' — c" + b"q 1 + 1q\ — q 2 )x 2 — (a + ^i)^' 

(86) «M4'>=-- 5 (2 2 r 1 + 6")aj, + aj s , 

The equation of the conic which osculates the curve u = const, at the point 
y becomes 

(87) N= fx 2 2 + 41' 3f cc 2 x 3 + %'' 2 xl - 2Stx 1 x t = , 
where 

(88) f = 6"-43l' 2 + 23i; + 62l'A'. 

Equations (83) and (87) enable us to interpret geometrically a number of 
invariants. 

The line x x = , i. e., the line which joins the points P and P a , will inter- 
sect the conic M= in two points which divide P P a harmonically if and 
only if 6' is equal to zero. Similarly the two points determined on P P a by the 
conic JV = divide P p P a harmonically if and only if 3t' = . The anhar- 
monic ratios which these two groups of four points determine, if 31' and ©' are 
not zero, are easily expressible as absolute invariants. The point P a is on the 
conic lf=Qif and only if <f> = ; similarly yjr will vanish if and only if P p 
is on the conic JY= 0. 

Neither of the osculating conies is degenerate unless either 33 or 31" vanishes, 
i. e., unless the point of osculation is a point of inflection of the corresponding 
curve u = const. ort»= const. 

The line P ? P a is tangent to M== if and only if 

(89a) <£-4SQ' 2 =0; 
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it is tangent to JY= if and only if 

(89b) -f-42T 2 = 0. 

The conies M = and JV '= , of course, have the point P in common. The 
discriminant of the general conic 

XM+ p,JV=0 

of their pencil may be reduced to 

(90) $ 4 X S + <8 2 (^ - 43rS')X»/t + 2l" 2 (<£ - 48'S)V + 1"V , 

and the values of X : /u. which annul this expression will determine the degenerate 
conies of the pencil, and consequently the remaining three points of intersection 
of M = and JV= . The two conies will touch each other if the discriminant; 
of (90) vanishes. 

We have found the equations of the osculating conies of the curves of the net 
which meet at the point P corresponding to the values u and v of the inde- 
pendent variables. We proceed to determine the osculating conies of the curves 
of the net in the vicinity of P . 

Let us denote by y , p , a the vertices of the triangle which is obtained from 
y,p,cr when the infinitesimal increments Bu and Bv are given to u and v respec- 
tively. We shall have 

(91) p' = p + p u Bu + p,Bv, 

""' = <r + c u Bu + cr v Bv , 

retaining only terms of the first order in Bu and Bv . Now let us assume that. 
(4) is given in its canonical form. Then we find 

yu = B'y + p, y = A'y + (r, 

y ua = (C- B' 2 + A'B)y - B'p + Ba, 

y uv = (C' + 2A'B)y + A'p + B'a, 

y vo = (C"- A' 2 + A"B)y + A" p - A' a; 

whence 

Pu = dy-2B'p + Ba, 

p v = Ky + A'p, 

<T u = Hy + B'<r, 

<r o = ©"2/+ A" p-2A'a. 

The first and last of these equations provide us with geometrical interpreta- 
tions for the invariant equations © = and 6" = respectively. 



(92) 



(93) 
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If 6 = , the curve described by P p as P y moves along a curve v = const, is 
such that its tangent at P p passes through P a . 

If ©" = , the curve described by P a as P moves along a curve u = const. 
is such that its tangent at P a passes through P . 

We substitute the values just found for y u , ■ • •, <r, into (91), and obtain 



y = y{\ -f B'Su + A'Sv) + pSu + o$v, 

(94) p = y(&Su + -KSv) +p(l — 2B'Su + A'Sv) + a-BSu, 

a =y(HSu + &"Sv) + P A"Sv + <r(l + B'Su - 2A'Sv). 

Now let x[, x 2 , x' 3 be the coordinates of a point with respect to the triangle 
y', p', a', while x t , x 2 , x 3 are the coordinates of the same point with respect to 
?/, p, a . Then we shall have 

co(x l y + x 2 p + x 3 <r) = x[y + x' 2 p + x' 3 </, 
whence 

wx 1 = (1 + B'Su + A'Sv)x[ + (&Su + KSv)x' 2 + (HSu + &"Sv)x 3 , 

(95) eox 2 = Su-x[ + (1 - 25' 8m + .4'ou)x 2 + A"Svx' 3 , 
<ox 3 = Sv.x[ + BSu-x' 2 + (1 + B'Su — 2J.'Su)x 3 , 

or inversely 

m'x[ = x 1 — (B'x t + 6x 2 + Hx 3 )Su — (A'x L + Kx % + S"x 3 )Su, 

(96) w'x' 2 = x 2 — (Xj — 2B'x 2 )Su — ( J.'x 2 + J."x 3 )Su, 

<o'x' 3 = x 3 — (Bx 2 + B'x 3 )Su — (Xj — 2J.'x 3 )Su. 

The equation of the conic which osculates the curve v = const, of our net at 
the point ( u + Su , v + Sv ) , referred to the triangle y', p, <r' will be 

( 8 2 + 288> + 288> ) x; 2 + 4 f 88' + ^|^ 8 M + ^^ Sv ) x' 2 x 3 

- 2(33 + 8> + »»*& + (0 + <?Su + <p v Sv)x 3 * = 0, 
If we introduce the values (96) of x[ , Xj , x 3 this equation may be reduced to 

(97) [l + 3 -jjl&u J Jf + (& - 2B<p-^^<p + 2»JErJ^Su + PS« = 0, 

P = 28x 2 - 488V, - 2(8, + A'% + ^)x 1 x 3 + 28(8, - ^'8)x 2 

(98) + 2(28,8' + 288; + 24'88' + 8if- 2l"8 2 )x 2 x 3 
+ (<£„ + 44'0 - 42T88' + 28(5" )x 2 . 
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If we allow y to move along a curve v = const., Bv = . The osculating conic 
of this curve remains unchanged if and only if 

(99) 3B<£ u -4<8„<£-633 J B'<£ + 6231/7 =0. 

We see, therefore, that (99) is the necessary and sufficient condition for a net 
whose curves v = const, are conies. Similarly if 

(ioo) 32r>„ - 4a;> - m"A'ir + 6w 2 k= o 

the curves u = const, will be conies. 

In general we see that the osculating conies of the curves v = const, in the 
vicinity of the point ( u , v ) belong to the two-parameter family of conies 

(101) Xxl + fiM+Tr~P = Q. 

The points of intersection of the conies M and P are of special interest. If 
they are fixed, the conies which osculate the curves v = const, at the points in 
which they meet a fixed curve u = const., will form a pencil, but we shall not 
attempt at present to deduce the analytical conditions for this special case. 

We may of course obtain a formula similar to (97) for all of the conies which 
osculate the curves u = const, in the vicinity of a given point ( u , v ) . It is 
clear that these two systems of conies together with their Jacobians and their 
other co variants must give rise to a very large number of relations. The 
exhaustive discussion of these will not here be attempted. We are satisfied 
in so far as we have reduced the problem to a purely algebraic one. 



Let 



§ 7. Differential equations of the net in line-coordinates. 



(*=1,2,3) 



be the finite equations of the net, the triangle of reference being arbitrary. 
The equations of the lines tangent to the curves v = const, and u = const, at 
the point (w, v) will be 



y a) y 
iff if. 



.(2) 



,(2) 






= 



yd) y(2) 

yd) yd) 



3 



y? 



= o 



respectively, or 

Y^x x + F^x 2 + Y^x s = and Z^x x + Z^x 2 + Z^x 3 = , 

where l r( * ) and Z (lc} , the coordinates of these two lines, are binary determinants 
of the types 

(102) ' ^=|y,yj, Z=\y,y v \ 
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respectively. We propose to find the systems of partial differential equations 
determined by J™, F&, Z< 3) and ZP\ Z«\ Z& respectively. 
We find by differentiation 



(103) 



F u = aF+bZ, 
F v = a'F+b'Z-W, 
Z u = a'F+ b'Z + W, 
Z v = a"F+b"Z, 



where 

(104) TF=|y.,y.|. 

We find further 

W u = (a + b')W - c F + cZ , 
(105) 
V ' W t = {d + b")W-c"F+c'Z. 

Consequently we shall have 

Y au = («. + a* + db)F+(b u + ab + bb')Z + bW, 
T„ = (a. + ad + ab)F + (6, + ab' + bb")Z - aW 

( 106 ) 2 

= (a' u +aa' + db' + c')F+(b' u +db + b ' - c)Z - aW, 

F v , = (a' v + a' 2 +a"b'+c")F+(b: + a'b'+b'b"-c')Z-(2a'+b")W, 

the two values of F uv being identical on account of (5), and 

Z m = « + a' 2 + a'V - c')F+(K + b' 2 + db + c) Z + (2a + b') W, 

Z uv = (a' v + «' 2 + a"b'-c")F+(b' v + db'+b'b" + c')Z + b"W 
(107) 

= «' + aa" + a'&").T+ (6^ + a"b + b'b")Z+ b"W, 

Z vv = ( < + a' a" + a" b")F+{ b" v + a" b' + b" 2 ) Z - a" W. 

From (103) we have 

bZ=-aF + F u , a"F=-b"Z + Z c , 

(108) bW=(a'b-ab')F+b'F u -bF v , 

a" W= (d b" -a"b')Z+ a"Z u - a'Z v , 

which values substituted in (106) and (107) will give the desired two systems of 
partial differential equations. We find in this way : 

F uu =(a + 2b' + |") F u - bF + (a u - a | + 2d b - 2ab > ) F, 
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Y„ = (b" + h ^Y„ + a r v + (a v -a b f + a"b - ab'^jY, 

Y vv = \{b' v - c' - a'b')Y u + (2a' + b")Y v 

+ t [ ba' — ab' + b'(a"b — ab" ) -f 6c" + ac + (a + b" ){ab' — a'b )] Y. 

If we assume that the system (4) is written in its canonical form, we may 
write more simply 

Y u = (V + §) F - i?^ + (- Z?: + i?'§ + 2A'B + 2£' 2 ) Y, 

(109) Y uv = (-A' + ?£^Y U - B'Y + (-£'» + B' B £ + A"B - A'B'^j Y, 

r„ = -~y u + a'y + (c- + a: + A'B' + ~~)r, 

and similarly 

Z m = B'Z U -~Z v + (c+B' u + A'B- -J^Z, 

(110) Z„ =-A'Z u + (-B' + ^Z v + (- A' u + ^ +A"B-A'B' S )Z, 

Z vv = -A"Z u + (^A' + j)jZ +^-A' v + A'^ 7 + 2A"B'+2A'^Z, 

where, of coarse, A" and .6 are assumed to be different from zero. 

Neither of these systems is in its canonical form. According to the develop- 
ments of section 2 we may reduce them to their canonical form by the substi- 
tutions 

(111) Y=*jEY, Z=*4A!'Z. 

Let us denote the coefficients of the new systems, i. e., the seminvariants of 
(109) and (110) by a», /3«, <f>, ■ ■ . <f»' and o» • • • <f*' respectively. Then 
we shall have 

a {u) = g' , I ^ ffl («)' _ _ A ' , ? fiz _(«)" _ _ _ 

(112) 7 « = 2^'i? + 2i?' 2 + |i?'§- B' u - IB. + | §- I ^-, 
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BK ..B„ 1 ATI?,, ., 2 £! 1 fl, 



and 



1 A" \ A" 

3 4'" 3 4"' a ~ * > 

77 2/1" 1 A" 

r> = - -p., #•>' =-b' + s ~ , &' =a' +1 3 ;, , 

y>' = 4"i? - ^'i?' + f ^ 4i - *# A T i-A' tt + ~ A: a - 



v«0 






1 1 -^-rju 

1 Ti 77 ' 


i/i" 


3 4"' 


i 4;; 

3 j." * 



These equations will obviously be of service whenever we wish to characterize 
a net by properties of the tangents of its curves. By means of (109) the lines 
of the plane are assembled in two different ways ; those for which v has a con- 
stant value c are tangent to the curve v = c of our original net ; those for which 
u has a constant value are tangent to a curve of the first Laplacian transformed 
net. By means of equations (110) the lines of the plane are grouped in a 
similar way with reference to the curves u = const, of the original net and the 
minus first Laplacian transformed net. 

In this whole theory we might, of course, adopt a dual interpretation. Instead 

of a net we should then have two one-parameter families of curves so related 

that, for every line of a certain domain, there exists one curve of each family 

tangent to it. We have seen instances of such a relation in the theory of the 

Laplacian transformation. 

The University of Chicago, 
December 12, 1910. 



